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we establish the orthonormal wavelet construction from multiresolution analysis on local
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condition and four suﬃcient conditions for wavelet frame on local ﬁelds are given. An
example is presented at the end.
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0. Introduction
One of the principal goals of wavelet theory has been the construction of useful orthonormal bases for L2(Rd). The group
Rd has been an appropriate setting both because of its applications and its special property of containing lattices such as
Zd which induce discrete groups of translation operators on L2(Rd). Generally, if Rd is replaced by a group G with certain
properties, many authors have proposed a theory of wavelets on L2(G), for example, S. Dahlke introduced multiresolution
analysis and wavelets on locally compact Abelian groups [1], M. Holschneider gave wavelet analysis over Abelian groups [2],
M.C. Lang investigated wavelet analysis and related topics on the Cantor dyadic group [3–5], and so on [6,7].
Recently, R.L. Benedetto et al. considered the constructions of wavelets on some speciﬁc groups G which include the p-
adic rational group Qp and the Cantor dyadic group F2((t)), and in particular, they showed that Shannon wavelets on G are
the same as Haar wavelets on G [8,9], whereas in L2(R), the Haar and Shannon wavelets are at opposite extremes, in the
sense that the Haar wavelet is localized in time but not in frequency, while the Shannon wavelet is localized in frequency
but not in time. Our interest is on local ﬁelds. It is well known that a local ﬁeld has the same algebraic structure as the real
number ﬁeld and complex number ﬁeld. But their topologies are different. Any local ﬁeld is totally disconnected, and is of
the geometrical structure of a tree. The Fourier analysis on local ﬁelds has been widely studied [10].
Motivated by the above described work, we established the orthonormal wavelet construction from multiresolution anal-
ysis on local ﬁeld in [11]. In this paper, we turn to investigate wavelet frame on local ﬁelds. Frames differ from orthogonal
systems in that their elements may be linearly dependent. The concept of orthogonal wavelets on Rd is restrictive because
of the strong geometrical relations. The frame concept allows for redundancy and gives more ﬂexibility for the construction
of wavelets, which can be used to incorporate additional features such as symmetries, a high number of vanishing moments,
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D. Li, H. Jiang / J. Math. Anal. Appl. 345 (2008) 500–510 501a small support, and a high order of smoothness. In the univariate setting, this ﬂexibility was successfully applied in [12,13],
and there is successful multivariate construction in [14].
A necessary condition and four suﬃcient conditions for wavelet frame on local ﬁelds are given in this paper. An example
given here shows that there are lots of tight wavelet frames which can be easily constructed on local ﬁelds on basis of the
suﬃcient conditions we have established.
This paper is organized as follows. Section 1 brieﬂy introduces some notations of local ﬁelds needed throughout the
paper. A necessary condition for wavelet frame on local ﬁelds is established in Section 2. Section 3 is devoted to the
discussion of suﬃcient conditions for wavelet frame on local ﬁelds, and four such conditions are given. In the last section,
an example is presented.
1. Some notations of local ﬁelds
In this section, we list some notations of local ﬁelds needed throughout the paper. More details are referred to [10]
and [11].
A local ﬁeld, denoted by K , is an algebraic ﬁeld and a topological space with the topological properties of locally compact,
non-discrete, complete and totally disconnected. The additive and multiplicative groups of K are denoted by K+ and K ∗ ,
respectively. dx is the normalized Haar measure on K+ . |α| is the absolute value or valuation of α in K , which is also a non-
archimedian norm on K . But |E| is the Haar measure of E ⊂ K . p is a ﬁxed prime element of K . We have the fact |p| = q−1
with that q = pc , p is a prime number and c is a positive integer.
Every Pk = {x ∈ K : |x|  q−k} is a compact subgroup of K+ . O = P0 is the ring of integers in K . So, |O| = 1 and
|Pk| = q−k .
χ is a ﬁxed character on K+ that is trivial on O but is non-trivial on P−1. It follows that χ is constant on cosets of O
and that if y ∈ Pk , then χy (χy(x) = χ(yx)) is constant on cosets of P−k .
Deﬁnition 1. If f ∈ L1(K ), then the Fourier transform of f is the function fˆ deﬁned by
fˆ (y) =
∫
K
f (x)χy(x)dx =
∫
K
f (x)χ(−yx)dx. (1)
The Fourier transform in Lp(K ), 1< p  2, can be deﬁned similarly as in Lp(R).
The inner product is denoted by
〈 f , g〉 =
∫
K
f (x)g(x)dx for f , g ∈ L2(K ). (2)
The “natural” order on the sequence {u(n) ∈ K }∞n=0 is endowed as follows.
We recall that P is the prime ideal in O, O/P ∼= GF(q) = Γ , q = pc , p a prime, c a positive integer and ρ : O → Γ the
canonical homomorphism of O on to Γ . Note that Γ = GF(q) is a c-dimensional vector space over GF(p) ⊂ Γ . We choose a
set {1 = ε0, . . . , εc−1} ⊂ O∗ = O\P such that {ρ(εk)}c−1k=0 is a basis of GF(q) over GF(p).
Deﬁnition 2. For n, 0 n < q, n = a0 + a1p + · · · + ac−1pc−1, 0 ak < p and k = 0, . . . , c − 1, we deﬁne
u(n) = (a0 + a1ε1 + · · · + ac−1εc−1)p−1 (0 n < q). (3)
For n = b0 + b1q + · · · + bsqs , 0 bk < q, n 0, we set
u(n) = u(b0)+ p−1u(b1) + · · · + p−su(bs).
Note that for n,m 0, it is not true that u(n+m) = u(n)+u(m). However, it is true that for all r,k 0, u(rqk) = p−ku(r),
and for r,k 0, 0 t < qk , u(rqk + t) = u(rqk) + u(t) = p−ku(r) + u(t).
Hereafter we will denote χu(n) by χn (n  0). We also denote the test function space on K by S , i.e., each function ϕ
in S is a ﬁnite linear combination of functions of the form Φk(· − h), h ∈ K , k ∈ Z, where Φk is the characteristic function
of Pk . It is clear that S is dense in Lp(K ), 1 p < ∞, and each function in S is of compact support and so is its Fourier
transform. We also often use the following number sets throughout this paper: Z = the set of all integers; P = {0,1,2, . . .};
N = {1,2, . . .}.
2. A necessary condition of wavelet frame for L2(K )
Let
ψ ∈ L2(K ), ψ j,k(x) = q
j
2 ψ
(
p− j x− u(k)), j ∈ Z, k ∈ P,
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ψ̂ j,k(ξ) = q−
j
2 χ¯k
(
p jξ
)
ψˆ
(
p jξ
)
. (4)
We call the function system {ψ j,k(x)}( j,k)∈Z×P a wavelet frame for L2(K ) if there are two constants A, B > 0 such that
A‖ f ‖2 
∑
j∈Z
∑
k∈P
∣∣〈 f ,ψ j,k〉∣∣2  B‖ f ‖2 (5)
hold for all f ∈ L2(K ).
Remark 1. Since S is dense in L2(K ) and closed under Fourier transform, the set S0 = { f ∈ S: supp fˆ ⊂ K\{0}} is also
dense in L2(K ). So it is suﬃcient to say that {ψ j,k(x)}( j,k)∈Z×P is a wavelet frame for L2(K ) if the inequalities in (5) hold
for all f ∈ S0.
We ﬁrst prove two lemmas which will be used in the proofs of main results.
Lemma 1. If f ∈ S and ψ ∈ L2(K ), then∑
k∈P
∣∣〈 f ,ψ j,k〉∣∣2 = ∫
K
fˆ (ξ) · ψˆ(p jξ){∑
l∈P
fˆ
(
ξ + p− ju(l)) · ψˆ(p jξ + u(l))}dξ. (6)
Proof. Applying Parseval equality and (4), we have∑
k∈P
∣∣〈 f ,ψ j,k〉∣∣2 =∑
k∈P
q j
∫
K
{∑
l∈P
∫
D
fˆ
(
p− j
(
t + u(l)))χk(t + u(l))ψˆ(t + u(l))dt} fˆ (p− jt)χ¯k(t)ψˆ(t)dt.
Since
∑
l∈P contains only ﬁnite non-zero terms for f ∈ S (notice that fˆ has compact support), and χk(u(l)) ≡ 1 for all
k, l ∈ P [11, Proposition 2], the last quantity is equal to∑
k∈P
q j
∫
K
( ∫
D
{∑
l∈P
fˆ
(
p− j
(
t + u(l)))ψˆ(t + u(l))}χk(t)dt)χ¯k(x) fˆ (p− j x) · ψˆ(x)dx.
By the convergence theorem of Fourier series on D, we obtain∑
k∈P
∣∣〈 f ,ψ j,k〉∣∣2 = ∫
K
fˆ (ξ) · ψˆ(p jξ) · {∑
l∈P
fˆ
(
ξ + p− ju(l))ψˆ(p jξ + u(l))}dξ.
This is just (6). The proof is complete. 
Lemma 2. Let f be in S0 and ψ be in L2(K ). If ess sup{∑ j∈Z |ψˆ(p jξ)|2: ξ ∈ P−1\D} < +∞, then∑
j∈Z
∑
k∈P
∣∣〈 f ,ψ j,k〉∣∣2 = ∫
K
∣∣ fˆ (ξ)∣∣2∑
j∈Z
∣∣ψˆ(p jξ)∣∣2 dξ + Rψ( f ), (7)
where
Rψ( f ) =
∑
j∈Z
∫
K
fˆ (ξ) · ψˆ(p jξ)[∑
l∈N
fˆ
(
ξ + p− ju(l)) · ψˆ(p jξ + u(l))]dξ
=
∑
j∈Z
∑
l∈N
∫
K
fˆ (ξ) · ψˆ(p jξ) · fˆ (ξ + p− ju(l)) · ψˆ(p jξ + u(l))dξ. (8)
Furthermore, the iterated series in (8) is absolutely convergent.
Proof. Firstly, we remark again that,
∑
l∈N in (8) contains only ﬁnite non-zero terms for f ∈ S mentioned above. Hence∑
j∈Z
∫
K
fˆ (ξ) · ψˆ(p jξ)[∑
l∈N
fˆ
(
ξ + p− ju(l)) · ψˆ(p jξ + u(l))]dξ
=
∑
j∈Z
∑
l∈N
∫
fˆ (ξ) · ψˆ(p jξ) · fˆ (ξ + p− ju(l)) · ψˆ(p jξ + u(l))dξ.K
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j∈Z
∑
k∈P
∣∣〈 f ,ψ j,k〉∣∣2 =∑
j∈Z
∫
K
∣∣ fˆ (ξ)∣∣2∣∣ψˆ(p jξ)∣∣2 dξ + Rψ( f ) (9)
hold for all f ∈ S0. In fact, by (6), we have∑
j∈Z
∑
k∈P
∣∣〈 f ,ψ j,k〉∣∣2 =∑
j∈Z
∫
K
{∣∣ fˆ (ξ)∣∣2∣∣ψˆ(p jξ)∣∣2 + fˆ (ξ) · ψˆ(p jξ) ·∑
l∈N
fˆ
(
ξ + p− ju(l))ψˆ(p jξ + u(l))}dξ
=
∑
j∈Z
∫
K
∣∣ fˆ (ξ)∣∣2∣∣ψˆ(p jξ)∣∣2 dξ + Rψ( f ).
This is just (9). Finally, by the condition that ess sup{∑ j∈Z |ψˆ(p jξ)|2: ξ ∈ P−1\D} < +∞ and Levi Lemma, we have∑
j∈Z
∑
k∈P
∣∣〈 f ,ψ j,k〉∣∣2 = ∫
K
∣∣ fˆ (ξ)∣∣2∑
j∈Z
∣∣ψˆ(p jξ)∣∣2 dξ + Rψ( f ).
Thus (7) and (8) are valid.
Now, we prove that the iterated series in (8) is absolutely convergent. For this, we put
Q =
∑
j∈Z
∑
l∈N
∫
K
∣∣ fˆ (ξ) · ψˆ(p jξ) · fˆ (ξ + p− ju(l)) · ψˆ(p jξ + u(l))∣∣dξ
=
∑
j∈Z
∑
l∈N
q− j
∫
K
∣∣ fˆ (p− jt) · fˆ (p− j(t + u(l))) · ψˆ(t) · ψˆ(t + u(l))∣∣dt.
Note that∣∣ψˆ(t) · ψˆ(t + u(l))∣∣ 1
2
(∣∣ψˆ(t)∣∣2 + ∣∣ψˆ(t + u(l))∣∣2).
Hence it suﬃces to verify that the series∑
j∈Z
∑
l∈N
q− j
∫
K
∣∣ fˆ (p− jt) · fˆ (p− jt + p− ju(l))∣∣ · ∣∣ψˆ(t)∣∣2 dt (10)
is convergent. Since u(l) = 0 (l ∈ N) and f ∈ S0, there exists a constant J > 0 such that for all | j| > J ,
fˆ
(
p− jt
) · fˆ (p− jt + p− ju(l))= 0.
On the other hand, for each ﬁxed | j| J , there exists a constant L such that for all l > L,
fˆ
(
p− jt + p− ju(l))= 0.
These mean that only ﬁnite terms of the iterated series in (10) are non-zero. Consequently, there exists a constant C such
that
Q  C‖ fˆ ‖2∞‖ψˆ‖22.
So the iterated series in (8) is absolutely convergent. The proof of Lemma 2 is complete. 
Now we establish a necessary condition for wavelet frame for L2(K ). Similar to the L2(R) case in [15], we have
Theorem 1. If {ψ j,k(x): j ∈ Z, k ∈ P} is a wavelet frame for L2(K ) with bounds A and B, then
A  Sψ(ξ) B, a.e. ξ ∈ K , (11)
where Sψ(ξ) =∑ j∈Z |ψˆ(p jξ)|2 .
Proof. For f ∈ S and ψ ∈ L2(K ), by Lemma 1, (6) holds, i.e.,∑
k∈P
∣∣〈 f ,ψ j,k〉∣∣2 = ∫ fˆ (ξ) · ψˆ(p jξ){∑
l∈P
fˆ
(
ξ + p− ju(l)) · ψˆ(p jξ + u(l))}dξ.K
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qn
∫
ξ−x∈Pn
∣∣ψˆ(p jξ)∣∣2 dξ → ∣∣ψˆ(p j x)∣∣2, as n → +∞.
Then |Ecj | = 0 [10, Theorem 1.14]. Thus |
⋃
j∈Z Ecj | = 0.
Let ξ0 ∈ K\⋃ j∈Z Ecj . For each ﬁxed positive integer M , set
fˆ (ξ) = qm2 Φm(ξ − ξ0), m M,
where Φm(ξ − ξ0) is in fact the characteristic function of ξ0 + Pm . Then it follows that for l ∈ N and j −M , fˆ (ξ) fˆ (ξ +
p− ju(l)) ≡ 0, since ξ and ξ + p− ju(l) cannot be in ξ0 + Pm simultaneously. Obviously ‖ f ‖22 = 1. Now we have∑
j−M
∑
k∈P
∣∣〈 f ,ψ j,k〉∣∣2 = ∑
j−M
∫
ξ0+Pm
qm
∣∣ψˆ(p jξ)∣∣2 dξ  B.
Let m → +∞ and M → +∞ consecutively, we have∑
j∈Z
∣∣ψˆ(p jξ0)∣∣2  B.
This is the right inequality of (11).
To prove the left inequality of (11), let∑
j∈Z
∑
k∈P
∣∣〈 f ,ψ j,k〉∣∣2 = I + II,
where
I =
∑
j>−M
∑
k∈P
∣∣〈 f ,ψ j,k〉∣∣2 and II = ∑
j−M
∑
k∈P
∣∣〈 f ,ψ j,k〉∣∣2.
Let ξ0, m, M and fˆ be as above. By the deﬁnition of the frame, I  A − II. Since we have already obtained that I =∑
j>−M |ψˆ(p jξ0)|2, it is enough to prove that limM→+∞ II = 0.
By (6) and Schwarz’s inequality, we have
0 II
∑
j−M
∑
l∈P
{∫
K
∣∣ fˆ (ξ) · ψˆ(p jξ)∣∣2 dξ} 12 {∫
K
∣∣ fˆ (ξ + p− ju(l)) · ψˆ(p jξ + u(l))∣∣2 dξ} 12 .
Observe that for ﬁxed j −M , if ξ + p− ju(l) ∈ ξ0 + Pm , then |p− ju(l)| q−m , hence |u(l)| q−m− j . Consequently, by the
hypothesis of fˆ , the number of the summation index l is bounded by q−m− j . Therefore
II
∑
j−M
q−m− j
∫
K
∣∣ fˆ (ξ) · ψˆ(p jξ)∣∣2 dξ  ∑
j−M
∫
p− jξ0+P− j+m
∣∣ψˆ(ξ)∣∣2 dξ.
Suppose that ξ0 = 0. For any given ε > 0, choose M to satisfy the following two inequalities:
q−M < |ξ0| = qs and
∫
PM−s
∣∣ψˆ(ξ)∣∣2 dξ < ε.
We have then
p− jξ0 + P− j+m ⊂ PM−s for all j −M, (12)
since |p− jξ0| = q jqs  q−Mqs and P− j+m ⊂ PM−s .
On the other hand, for any j1 < j2 −M , we claim that{
p− j1ξ0 + P− j1+m
}∩ {p− j2ξ0 + P− j2+m}= φ. (13)
In fact, for any x ∈ p− j1ξ0 + P− j1+m and y ∈ p− j2ξ0 + P− j2+m , write x = p− j1ξ0 + x1 and y = p− j2ξ0 + y1, then |x − y| =
max{|p− j1ξ0 − p− j2ξ0|, |x1 − y1|} = q j2+s = 0. This shows that (13) holds. Applying (12) and (13) to the last inequality for II,
we obtain
II
∫
PM−s
∣∣ψˆ(t)∣∣2 dt < ε.
This is what we desired. The proof of Theorem 1 is complete. 
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To establish the ﬁrst suﬃcient condition of wavelet frame for L2(K ), we put
S ψ = ess inf
{
Sψ(ξ): ξ ∈ P−1\D
}
, Sψ = ess sup
{
Sψ(ξ): ξ ∈ P−1\D
}
,
where Sψ(ξ) is the same as the one in (11), and set
βψ
(
u(m)
)= ess sup{∑
j∈Z
∣∣tψ (u(m),p jξ)∣∣: ξ ∈ P−1\D},
where tψ(u(m), ξ) =∑k∈P ψˆ(p−kξ) · ψˆ(p−k(ξ + u(m)). We also use the following two sets:
qP = {qk: k = 0,1,2, . . .}, Q˜ = {1,2, . . . ,q − 1}.
As on Rd (see [15] or Section 3.3.2 in [16]), we give the ﬁrst suﬃcient condition as follows.
Theorem 2. Suppose ψ ∈ L2(K ) such that
A1(ψ) = Sψ −
∑
m∈qP+Q˜
[
βψ
(
u(m)
) · βψ (−u(m))] 12 > 0,
B1(ψ) = Sψ +
∑
m∈qP+Q˜
[
βψ
(
u(m)
) · βψ (−u(m))] 12 < +∞.
Then {ψ j,k(x): j ∈ Z, k ∈ P} is a wavelet frame for L2(K ) with bounds A1(ψ) and B1(ψ).
Proof. Let f ∈ S0. We estimate Rψ( f ) by means of a decomposition of the set {u(l)}l∈N . For given l ∈ N, there is a unique
pair (k,m) with k ∈ P and m ∈ qP + Q˜ , such that l = qkm. The inverse is obvious, that is, for any pair (k,m) with k ∈ P and
m ∈ qP + Q˜ , l = qkm is in N. Thus we have that {u(l)}l∈N = {p−ku(m)}(k,m)∈P×{qP+Q˜ } by Deﬁnition 2. Since the last series
in (8) is absolutely convergent, we can estimate Rψ( f ) by rearranging the series, changing the orders of summation and
integration by Levi Lemma as follows.
Rψ( f ) =
∑
j∈Z
∫
K
fˆ (ξ) · ψˆ(p jξ)[∑
l∈N
fˆ
(
ξ + p− ju(l))ψˆ(p jξ + u(l))]dξ
=
∑
j∈Z
∫
K
fˆ (ξ)
[∑
k∈P
∑
m∈qP+Q˜
ψˆ
(
p jξ
)
fˆ
(
ξ + p− j−ku(m))ψˆ(p jξ + p−ku(m))]dξ
=
∫
K
fˆ (ξ)
[∑
k∈P
∑
m∈qP+Q˜
∑
j∈Z
ψˆ
(
p j−kξ
)
fˆ
(
ξ + p− ju(m))ψˆ(p j−kξ + p−ku(m))]dξ
=
∫
K
fˆ (ξ)
[∑
j∈Z
∑
m∈qP+Q˜
fˆ
(
ξ + p− ju(m)) ·∑
k∈P
ψˆ
(
p j−kξ
)
ψˆ
(
p−k
(
p jξ + u(m)))]dξ
=
∫
K
fˆ (ξ)
[∑
j∈Z
∑
m∈qP+Q˜
fˆ
(
ξ + p− ju(m)) · tψ (u(m),p jξ)]dξ
=
∑
j∈Z
∑
m∈qP+Q˜
∫
K
fˆ (ξ) · fˆ (ξ + p− ju(m)) · tψ (u(m),p jξ)dξ.
We deduce further that∣∣Rψ( f )∣∣ ∫
K
∣∣ fˆ (ξ)∣∣[∑
j∈Z
∑
m∈qP+Q˜
∣∣ fˆ (ξ + p− ju(m))∣∣∣∣tψ (u(m),p jξ)∣∣]dξ
=
∑
j∈Z
∑
m∈qP+Q˜
∫
K
(∣∣ fˆ (ξ)∣∣∣∣tψ (u(m),p jξ)∣∣ 12 )(∣∣ fˆ (ξ + p− ju(m))∣∣∣∣tψ (u(m),p jξ)∣∣ 12 )dξ

∑
j∈Z
∑
˜
(∫ ∣∣ fˆ (ξ)∣∣2∣∣tψ (u(m),p jξ)∣∣dξ) 12(∫ ∣∣ fˆ (ξ + p− ju(m))∣∣2∣∣tψ (u(m),p jξ)∣∣dξ) 12m∈qP+Q K K
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∑
m∈qP+Q˜
{∑
j∈Z
∫
K
∣∣ fˆ (ξ)∣∣2∣∣tψ (u(m),p jξ)∣∣dξ} 12 {∑
j∈Z
∫
K
∣∣ fˆ (ξ + p− ju(m))∣∣2∣∣tψ (u(m),p jξ)∣∣dξ} 12
=
∑
m∈qP+Q˜
{∑
j∈Z
∫
K
∣∣ fˆ (ξ)∣∣2∣∣tψ (u(m),p jξ)∣∣dξ} 12 {∑
j∈Z
∫
K
∣∣ fˆ (η)∣∣2∣∣tψ (−u(m),p jη)∣∣dη} 12

∑
m∈qP+Q˜
{∫
K
∣∣ fˆ (ξ)∣∣2βψ (u(m))dξ} 12 {∫
K
∣∣ fˆ (ξ)∣∣2βψ (−u(m))dξ} 12
=
∫
K
∣∣ fˆ (ξ)∣∣2 dξ ∑
m∈qP+Q˜
{
βψ
(
u(m)
) · βψ (−u(m))} 12 .
Consequently, it follows from the expression (7) in Lemma 2 that∫
K
∣∣ fˆ (ξ)∣∣2{∑
j∈Z
∣∣ψˆ(p jξ)∣∣2 − ∑
m∈qP+Q˜
[
βψ
(
u(m)
) · βψ (−u(m))] 12 }dξ ∑
j∈Z
∑
k∈P
∣∣〈 f ,ψ j,k〉∣∣2, (14)
and ∑
j∈Z
∑
k∈P
∣∣〈 f ,ψ j,k〉∣∣2  ∫
K
∣∣ fˆ (ξ)∣∣2{∑
j∈Z
∣∣ψˆ(p jξ)∣∣2 + ∑
m∈qP+Q˜
[
βψ
(
u(m)
) · βψ (−u(m))] 12 }dξ. (15)
Taking inﬁmum in (14) and supremum in (15), respectively, we obtain that
A1(ψ)‖ f ‖22 
∑
j∈Z
∑
k∈P
∣∣〈 f ,ψ j,k〉∣∣2  B1(ψ)‖ f ‖22
hold for all f ∈ S0. The proof of Theorem 2 is complete. 
Using the idea in [17] (see also [18–20]), we are able to give the second suﬃcient condition of wavelet frame for L2(K )
as follows.
Theorem 3. Suppose ψ ∈ L2(K ) such that
A2(ψ) = ess inf
ξ∈P−1\D
{∑
j∈Z
∣∣ψˆ(p jξ)∣∣2 −∑
j∈Z
∑
l∈N
∣∣ψˆ(p jξ)ψˆ(p jξ + u(l))∣∣}> 0,
B2(ψ) = ess sup
ξ∈P−1\D
∑
j∈Z
∑
k∈P
∣∣ψˆ(p jξ)ψˆ(p jξ + u(k)) ∣∣< +∞.
Then {ψ j,k(x): j ∈ Z, k ∈ P} is a wavelet frame for L2(K ) with bounds A2(ψ) and B2(ψ).
Proof. We apply Lemma 2 to estimate Rψ( f ) in (8) for f ∈ S0 with another technique. We ﬁrst deduce that∣∣Rψ( f )∣∣= ∣∣∣∣∑
j∈Z
∑
l∈N
∫
K
fˆ (ξ) · ψˆ(p jξ) fˆ (ξ + p− ju(l))ψˆ(p jξ + u(l))dξ ∣∣∣∣

∑
j∈Z
∑
l∈N
{∫
K
∣∣ fˆ (ξ)∣∣2∣∣ψˆ(p jξ)ψˆ(p jξ + u(l))∣∣dξ} 12 {∫
K
∣∣ fˆ (ξ + p− ju(l))∣∣2∣∣ψˆ(p jξ)ψˆ(p jξ + u(l))∣∣dξ} 12

∑
j∈Z
{∑
l∈N
∫
K
∣∣ fˆ (ξ)∣∣2∣∣ψˆ(p jξ)ψˆ(p jξ + u(l))∣∣dξ} 12 {∑
l∈N
∫
K
∣∣ fˆ (ξ + p− ju(l))∣∣2∣∣ψˆ(p jξ)ψˆ(p jξ + u(l))∣∣dξ} 12
=
∑
j∈Z
{∑
l∈N
∫
K
∣∣ fˆ (ξ)∣∣2∣∣ψˆ(p jξ)ψˆ(p jξ + u(l))∣∣dξ} 12 {∑
l∈N
∫
K
∣∣ fˆ (η)∣∣2∣∣ψˆ(p jη − u(l))ψˆ(p jη)∣∣dη} 12 .
Since {u(k): k ∈ N} = {−u(k): k ∈ N}, we have∑
l∈N
∫ ∣∣ fˆ (ξ)∣∣2∣∣ψˆ(p jξ)ψˆ(p jξ + u(l))∣∣dξ =∑
l∈N
∫ ∣∣ fˆ (η)∣∣2∣∣ψˆ(p jη − u(l))ψˆ(p jη)∣∣dη.
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j∈Z
∑
l∈N
∫
K
∣∣ fˆ (ξ)∣∣2∣∣ψˆ(p jξ)ψˆ(p jξ + u(l))∣∣dξ.
By Levi Lemma again,∣∣Rψ( f )∣∣ ∫
K
∣∣ fˆ (ξ)∣∣2{∑
j∈Z
∑
l∈N
∣∣ψˆ(p jξ)ψˆ(p jξ + u(l)) ∣∣}dξ. (16)
Applying (7), we have∫
K
∣∣ fˆ (ξ)∣∣2{∑
j∈Z
∣∣ψˆ(p jξ)∣∣2 −∑
j∈Z
∑
l∈N
∣∣ψˆ(p jξ)ψˆ(p jξ + u(l)) ∣∣}dξ ∑
j∈Z
∑
k∈P
∣∣〈 f ,ψ j,k〉∣∣2, (17)
and ∑
j∈Z
∑
k∈P
∣∣〈 f ,ψ j,k〉∣∣2  ∫
K
∣∣ fˆ (ξ)∣∣2{∑
j∈Z
∑
l∈N
∣∣ψˆ(p jξ)ψˆ(p jξ + u(l)) ∣∣}dξ. (18)
Taking inﬁmum in (17) and supremum in (18), respectively, we obtain again that
A2(ψ)‖ f ‖22 
∑
j∈Z
∑
k∈P
∣∣〈 f ,ψ j,k〉∣∣2  B2(ψ)‖ f ‖22
hold for all f ∈ S0. The proof of Theorem 3 is complete. 
In what follows, we give better bounds for wavelet frame for L2(K ) in comparing with Theorem 3. We ﬁrst present the
concept of q-adic elements in local ﬁeld K , which is inspired by the concept of a-adic numbers in R introduced by Chui
and Shi in [21] (see also [22]).
An element u(α) ∈ K is called q-adic element if it is of the form u(α) = p− ju(m) for some j ∈ Z and m ∈ P, where
α = m
q j
is called a nonnegative q-adic number. We always make q-adic elements in K corresponded to nonnegative q-adic
numbers. We also need the following notations.
Λ+(q) =
{
α ∈ R: there exist ( j,m) ∈ Z × P such that α = m
q j
}
,
and for all α ∈ Λ+(q),
I(α) =
{
( j,m) ∈ Z × P : α = m
q j
}
,
Δ+α (ξ) =
∑
( j,m)∈I(α)
ψˆ
(
p jξ
)
ψˆ
(
p jξ + u(m)),
Δ−α (ξ) =
∑
( j,m)∈I(α)
ψˆ
(
p jξ
)
ψˆ
(
p jξ − u(m)).
It is easy to verify the following facts:
1◦ I(0) = Z × {0};
2◦ For any α1,α2 ∈ Λ+(q), if u(α1) = u(α2), then α1 = α2;
3◦ For any α1,α2 ∈ Λ+(q), if α1 = α2, then I(α1) = I(α2);
4◦ Z × P =⋃α∈Λ+(q) I(α) and Z × N =⋃α∈Λ+(q)\{0} I(α).
With the notations above we state the following result.
Theorem 4. Suppose ψ ∈ L2(K ) such that
A3(ψ) = ess inf
ξ∈P−1\D
{
Δ+0 (ξ) −
∑
α∈Λ+(q)\{0}
∣∣Δ+α (ξ)∣∣}> 0,
B3(ψ) = ess sup
ξ∈P−1\D
∑
α∈Λ+(q)
∣∣Δ+α (ξ)∣∣< +∞.
Then {ψ j,k(x): j ∈ Z, k ∈ P} is a wavelet frame for L2(K ) with bounds A3(ψ) and B3(ψ).
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∑
j∈Z |ψˆ(p jξ)|2 by the deﬁnition of Δ+α (ξ) and the fact 1◦ above. Let f ∈ S0, and we
estimate (8). Note that the series on the right-hand side of (8) is absolutely convergent, hence we can rearrange the series
if necessary,
Rψ( f ) =
∑
j∈Z
∫
K
fˆ (ξ) · ψˆ(p jξ)[∑
l∈N
fˆ
(
ξ + p− ju(l)) · ψˆ(p jξ + u(l))]dξ
=
∑
j∈Z
∑
l∈N
∫
K
fˆ (ξ) · fˆ (ξ + p− ju(l)) · ψˆ(p jξ) · ψˆ(p jξ + u(l))dξ
=
∑
α∈Λ+(q)\{0}
∑
( j,k)∈I(α)
∫
K
fˆ (ξ) · fˆ (ξ + p− ju(k)) · ψˆ(p jξ) · ψˆ(p jξ + u(k))dξ.
For all ( j,k) ∈ I(α), α = k
q j
represents the same constant number. Therefore u(α) = p− ju(k) are the same element in K
by the fact 2◦ above. We have
Rψ( f ) =
∑
α∈Λ+(q)\{0}
∫
K
fˆ (ξ) · fˆ (ξ + u(α)) · [ ∑
( j,k)∈I(α)
ψˆ
(
p jξ
) · ψˆ(p jξ + u(k))]dξ
=
∑
α∈Λ+(q)\{0}
∫
K
fˆ (ξ) · fˆ (ξ + u(α)) · Δ+α (ξ)dξ. (19)
Consequently, by (19),
∣∣Rψ( f )∣∣ ∑
α∈Λ+(q)\{0}
{∫
K
∣∣ fˆ (ξ)∣∣2∣∣Δ+α (ξ)∣∣dξ} 12 {∫
K
∣∣ fˆ (ξ + u(α))∣∣2∣∣Δ+α (ξ)∣∣dξ} 12

{ ∑
α∈Λ+(q)\{0}
∫
K
∣∣ fˆ (ξ)∣∣2∣∣Δ+α (ξ)∣∣dξ} 12 { ∑
α∈Λ+(q)\{0}
∫
K
∣∣ fˆ (ξ + u(α))∣∣2∣∣Δ+α (ξ)∣∣dξ} 12 . (20)
Let η = ξ + u(α). We deduce from u(α) = p− ju(k) for ( j,k) ∈ I(α) that
Δ+α (ξ) =
∑
( j,m)∈I(α)
ψˆ
(
p j
(
η − u(α))) · ψˆ(p j(η − u(α))+ u(k))= ∑
( j,m)∈I(α)
ψˆ
(
p jη − u(k)) · ψˆ(p jη)= Δ−α (η).
Furthermore, since{
u(k): α ∈ Λ+(q)\{0}, ( j,k) ∈ I(α)}= {−u(k): α ∈ Λ+(q)\{0}, ( j,k) ∈ I(α)},
we have ∑
α∈Λ+(q)\{0}
∣∣Δ+α (ξ)∣∣= ∑
α∈Λ+(q)\{0}
∣∣Δ−α (ξ) ∣∣. (21)
Replacing ξ + u(α) by η in the last integration of (20), we derive from (20) and (21) that
∣∣Rψ( f )∣∣ { ∑
α∈Λ+(q)\{0}
∫
K
∣∣ fˆ (ξ)∣∣2∣∣Δ+α (ξ)∣∣dξ} 12 { ∑
α∈Λ+(q)\{0}
∫
K
∣∣ fˆ (η)∣∣2∣∣Δ−α (η)∣∣dη} 12
=
∫
K
∣∣ fˆ (ξ)∣∣2{ ∑
α∈Λ+(q)\{0}
∣∣Δ+α (ξ)∣∣}dξ. (22)
So, by (22) and (7), we have∫
K
∣∣ fˆ (ξ)∣∣2{∑
j∈Z
∣∣ψˆ(p jξ)∣∣2 − ∑
α∈Λ+(q)\{0}
∣∣Δ+α (ξ)∣∣}dξ ∑
j∈Z
∑
k∈P
∣∣〈 f ,ψ j,k〉∣∣2,
or, equivalently∫ ∣∣ fˆ (ξ)∣∣2{Δ+0 (ξ) − ∑
α∈Λ+(q)\{0}
∣∣Δ+α (ξ)∣∣}dξ ∑
j∈Z
∑
k∈P
∣∣〈 f ,ψ j,k〉∣∣2, (23)
K
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j∈Z
∑
k∈P
∣∣〈 f ,ψ j,k〉∣∣2  ∫
K
∣∣ fˆ (ξ)∣∣2{∑
j∈Z
∣∣ψˆ(p jξ)∣∣2 + ∑
α∈Λ+(q)\{0}
∣∣Δ+α (ξ)∣∣}dξ,
or, equivalently∑
j∈Z
∑
k∈P
∣∣〈 f ,ψ j,k〉∣∣2  ∫
K
∣∣ fˆ (ξ)∣∣2{ ∑
α∈Λ+(q)
∣∣Δ+α (ξ)∣∣}dξ. (24)
Taking inﬁmum in (23) and supremum in (24), respectively, we obtain again that
A3(ψ)‖ f ‖22 
∑
j∈Z
∑
k∈P
∣∣〈 f ,ψ j,k〉∣∣2  B3(ψ)‖ f ‖22
hold for all f ∈ S0. The proof of Theorem 4 is complete. 
Set
γ+α = ess sup
{∣∣Δ+α (ξ)∣∣: ξ ∈ P−1\D}, γ−α = ess sup{∣∣Δ−α (ξ)∣∣: ξ ∈ P−1\D}.
Modifying the proof of Theorem 4, we have
Theorem 5. Suppose ψ ∈ L2(K ) such that
A4(ψ) = Sψ −
∑
α∈Λ+(q)\{0}
(
γ+α γ−α
) 1
2 > 0, B4(ψ) = Sψ +
∑
α∈Λ+(q)\{0}
(
γ+α γ−α
) 1
2 < +∞.
Then {ψ j,k(x): j ∈ Z, k ∈ P} is a wavelet frame for L2(K ) with bounds A4(ψ) and B4(ψ).
Proof. By (19), we have
∣∣Rψ( f )∣∣ ∑
α∈Λ+(q)\{0}
{∫
K
∣∣ fˆ (ξ)∣∣2∣∣Δ+α (ξ)∣∣dξ} 12 {∫
K
∣∣ fˆ (ξ + u(α))∣∣2∣∣Δ+α (ξ)∣∣dξ} 12
=
∑
α∈Λ+(q)\{0}
{∫
K
∣∣ fˆ (ξ)∣∣2∣∣Δ+α (ξ)∣∣dξ} 12 {∫
K
∣∣ fˆ (η)∣∣2∣∣Δ−α (η)∣∣dη} 12

∑
α∈Λ+(q)\{0}
(
γ+α γ−α
) 1
2
∫
K
∣∣ fˆ (ξ)∣∣2 dξ.
Using similar for (14) and (15), we have∫
K
∣∣ fˆ (ξ)∣∣2{∑
j∈Z
∣∣ψˆ(p jξ)∣∣2 − ∑
α∈Λ+(q)\{0}
(
γ+α γ−α
) 1
2
}
dξ 
∑
j∈Z
∑
k∈P
∣∣〈 f ,ψ j,k〉∣∣2,
and ∑
j∈Z
∑
k∈P
∣∣〈 f ,ψ j,k〉∣∣2  ∫
K
∣∣ fˆ (ξ)∣∣2{∑
j∈Z
∣∣ψˆ(p jξ)∣∣2 + ∑
α∈Λ+(q)\{0}
(
γ+α γ−α
) 1
2
}
dξ.
These imply that
A4(ψ)‖ f ‖22 
∑
j∈Z
∑
k∈P
∣∣〈 f ,ψ j,k〉∣∣2  B4(ψ)‖ f ‖22
hold for all f ∈ S0. The proof of Theorem 5 is complete. 
Remark 2. For orthogonal wavelets, an expansion is provided by the Parseval formula. In case of frames, the situation is
more sophisticated. Given a wavelet frame, each element of the underlying Hilbert space has a frame expansion by applying
the canonical dual frame. However, the canonical dual frame might not have the wavelet structure and it is often very
complicated to determine since it requires the inversion of the frame operator. The inversion is void if the frame is tight.
The suﬃcient conditions obtained here yield tight wavelet frame if the lower and upper frame bounds are equal. We have
established characterizations of tight wavelet frames on local ﬁeld which will be elaborated in a forthcoming paper.
Remark 3. Considerable work has already been done on dual wavelet frames on Rd in [23,24], thus it seems worthwhile to
think about suﬃcient conditions for pairs of dual wavelet frames on local ﬁeld in a further research.
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Let s be a positive integer,
ψ1(x) =
{
1, x ∈ D,
0, x∈¯D, and ψ2(x) =
{
q−s, x ∈ P−s,
0, x∈¯P−s.
Set ψ(x) = ψ1(x) − ψ2(x). Since ψˆ1(ξ) = ψ1(ξ) and
ψˆ2(ξ) =
{
1, ξ ∈ Ps,
0, ξ ∈¯Ps,
we have
ψˆ(ξ) =
{
1, ξ ∈ D\Ps,
0, otherwise.
Then for ξ = 0 we can calculate that∑
j∈Z
∣∣ψˆ(p jξ)∣∣2 = s, (25)
and since∑
m∈qP+Q˜
[
βψ
(
u(m)
) · βψ (−u(m))] 12 = 0, (26)
∑
j∈Z
∑
l∈N
∣∣ψˆ(p jξ)ψˆ(p jξ + u(l))∣∣= 0, (27)
∣∣Δ+α (ξ)∣∣= 0, α ∈ Λ+(q)\{0}, (28)
this ψ satisﬁes all the theorems mentioned in this paper, and generates a tight wavelet frame with the bounds Aψ = Bψ = s.
This fact shows that we can easily ﬁnd wavelet frames on local ﬁelds.
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